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Multiple Integl“als

—
6.1. DOUBLE INTEGRALS
—
b .
The definite integral J f(2) dx is defined as the limits of the sum f (x)dx, + /(962)5x2 oy
a
f(x,)8x, when n — e and each of the lengths 8x,, 8x,, -, &x, tends to zero. Here 0x), 8z, - gy

are n sub-intervals into which the range b —a has been divided and X1> Xg ', X, are valyeg 0}
x lying respectively in the first, second, -+, nth sub-interval.
a X X

® o

T

1
! I
48X, - 3x, -

[ 29

it

- - -9
|
=]
x
\4

A double integral is its counterpart in two
dimensions. Let a single-valued and bounded function
f(x, ) of two independent variables x, v be defined in
a closed region R of the xy-plane. Divide the region R s
into sub-regions by drawing lines parallel to co-ordinate R,
axes. Number the rectangles which lie entirely inside
the region R, from 1 to n. Let (x,, ¥,) be any point A : /
inside the rth rectangle whose area is O0A..

Consider the sum \
fCey, ¥)8A, + f(xy, y)8A, + - + f(x,, ¥ )OA, T .

=

=2, fx, yIOA, (1) 0 X
r=1 :

Let the number of these sub-regions increase Indefinitely, such that the largest linear
dimension (i.e., diagonal) of 8A, approaches zero. The limit of the sum (1), if it exists, irrespec-
tive of the mode of sub-division, is called the double integral of f(x, y) over the region R and 1

denoted by J.J‘R f(x, v) dA

In other words, L _
. _)otﬂ Z flx,, y,) A J.JR f(x, y) dA
8A, -0 r=1
which is also expressed as _”R f(x, ¥) dxdy or J‘ J’R flx, y) dy dx
380
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6.2 EVALUATION OF DOUBLE INTEGRALS

ds of evaluating the double i

pe metho : uble integrals depend upon th ]

ing the region R. Let the region R be bounded by the CUI‘VeI; s xe r;a_tireaf dt};e_ c;lr\;e_s_ gound
1’ - 2 —J1 - Jor

(i) When x;, X, are functionsof yand y,, y
are constants. Let AB and CD be the cm}veé
(x, = 0,07 and Xg = 0,)- _

Take a horizontal strip PQ of width 8y. Here
the double integral is evaluated first w.r.t. x (treat-
ingyasa constant). The resulting expression which
isa function of y is integrated w.r.t. y between the

limits Y =Y and y = Yo Thus

[] ) ddy= [ j:"*:%(y) fey) dx | dy

85! 1=9,()

YT
B/ Y=Y \D
( A y=Y, /C )
Xy= d4(y) Xo= ‘fPa(i)
0 X

the integration being carried from the inner to the outer rectangle. Geometrically, the integral
in the inner rectangle indicates that the integration 1s performed along the horizontal strip
PQ (keeping ¥ constant) while the outer rectangle corresponds to the sliding of the strip PQ
from AC to BD thus covering the entire region ABDC of integration.

(ii) When y,, y, are functions of x and x,, x,
are constants. Let AB and CD be the curves
(y, = 0,()) and y, = ¢,(x). Take a vertical strip PQ of
width 6x. Here the double integral is evaluated first
w.r.t. y (treating x as constant). The resulting expression
which is a function of x is integrated w.r.t. x between
the limits x = x; and x = X,. Thus.

dx

”R flx, y) dx dy =

the integration being carried from the inner to the
outer rectangle. Geometrically, the integral in the
nney, rectangle indicates that the integration 1s
performed along the vertical strip PQ (keeping X
constant) while the outer rectangle corresponds to the
sliding of the strip PQ from AC to BD thus covering
the entire region ABDC of integration.

(iti) When x,, x,, ¥, ¥» are constants. Here
Fhe_ region of integratiodn R is the rectangle ABDC. It
1s Immaterial whether we integrate first along the
horizontal strip PQ and then slide it from AB to CD;
Or e integrate first along the vertical strip P’Q" and

then slide it from AC to BD. Thus the order of integration 18 immate

In L .
tegration are changed accordingly-

yo= $a(X)
Yﬂ\ Q 1 2 2
C \D\
Wiy X = Xo
N\ L/
A L_( B
P yi= 1(X)
0 X
Y1t
cl Y=Y2 Q D
P Q
I R | D
A Y=Y4 P’ B

O
rial, provided the limits of
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f J.R f(x, ) dx dy = f ‘ ﬁ“z fix,y)dx| dy| = _1’:2 J.: [(x, y) d% dx

Note 1. From cases (i) and (if) above, we observe that in,l,ngml,ion,. is to be performed .
variable having variable limits first and then w.r.t. the variable with constant limitg.
Note 2. If f(x, ¥) has discontinuities within or on the boundary of the region of integration th
the change of the order of integration does not result into the same integrals. e

b thy

ILLUSTRATIVE EXAMPLES

402
Example 1. Prove that jQ .[4 (xy +e’) dy dx = J- J (xy +e) dx dy.
193 3J1

Sol. ',-12-‘;4 (o + o) dy dix = J-12 FJ-: (xy +e”) dy] dx
(5]

2(17 2 e
:L (—2—x+e4—e3j dx={7%+(e4 —e3)x]

1

4

2 . .
dx=j1 (8x+e4—§x—e3) dx

=7+2(e4—e3)—%—(e4—-e3):%+e4—e3

4 (2 4 p2 al a2 2
J;L (xy+ey)dxdy:J'3Ul(nyrey)dx} dy=‘l.3[y%+xey} dy
1
=J‘4(2y+2ey—l—ey dy = Y35, o d
_ 3 2 J-3 _2_+e Y

4
3y? 27 21
=|l=—+e’ | =12+l 20 _ 321 L a3
[4 L 1 e ) el—e
Hence the result.

Example 2. Evaluate the following:

1¢1
(i) dx dy
l J.OJ-O \/(I—xg)(l—y2

S/ol. . J: J‘01 \/(1 - dx dy

S :J.l J‘l L d :Jl—‘l—— Sin—l xJ dy
A=y 0P Ja k1o 2 7 °y1-y? 0

ol
) (t) J-o L (x* +y?) dy dx. (P.T.U., Dec. 2013)

1

0

1
0 J1-y2 2 ° 2 Y T9'e g
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1
i oI5 @Ry Ydy dx = | [2 }

xPy S

e g

3
=[3x'”2 13512 x* x41=g+2 1 1 3
7 35" o 7

1 -
Example 3. Show thatj' dx -[o (x+y)3 o _[0 dy Jq (;c+ ;;3 .
0

12x —(x + 2x-(x+y) 1 1
LHS =
ot '[ '[ (x +y)3 = J J. {(x +y)3 (x +y)2-k i

e -2 a7 _ i
= Moy EXNT_ 4y) ] dx=r\: - l dx
Jo | -2 -1 s o | (x+y)°* x+y],

ol = 1— 11
= X + 1 1 1}dx=] x+x+1dx=j

Jo l_(3c+1)2 x+1 x «x 0 (x+1)? 0 (x+1)2

1(x+y)-2y td 1{ . }dx
SIS J .[ (3c+y)3 dx = .‘.o yjo (x+y)?  (x+9)°

) 1
- N = 1 y
1 (x +y)" (x + )7 = - + dy
=J0 Sl _}{ _2y-——_—2——0d3’ .[o x+y (x+y)2v0

L
_ e | +y 1 1 d
e 1 Kl el Yrersii
o| 1+ aQ+y* ¥y Y
—_ 1 1—1_1:_1
| 1+y 0o 2 4
The two integrals are not equal. 6
- .. May 200
Jiee? _dydr o, (BIESEE

b e
Example 4. Evaluate jo Jo T2+ )

Sol I_ 1 J'\’1+x2 _____%‘______Z_dy} dx
T jo 0 (1+x“)+Yy
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————————

2

1+x
= J.1 ,__1 tanf1 ———3’)—“} dx
BAASS ‘/_1:;_2_ ’ 1 dx
T
11 -1{_tan~'0ldx=—+ | 77—
— — [tan 1 —tan 4 J. 2

| | .
2 [tog (1], =% log 1+ /2) = log 1) =7 1o (2 41

4
1 (2-x P.T.U., Dec. 2
Example 5. Evaluate _[0 J . * xy dy dx ( 012)

X

9 2-x

Sol. j; Lzz_x xy dy dx = J; x—‘g—

_ (P E2-x?-x1d
dx_J'Oz{(Z x)* —x"}dx

xl

= X (4 -4x +x2—x*)dx = %J'; (dx —4x® +x° —x°) dx

02

1
_}. zxz_‘_ifi i-ﬂ_ _1.(2—£ -1-—1)
2 3 4 6]| 2 3 4 6
_19_9
212 24

Example 6. (i) Evaluate _U e? *3 dx dy over the triangle bounded by x =0, y = 0

and x +y=1. <5 \J:,)rm 5 =1

(1, 1).

triangle OAB. Here x varies from 0 to 1 and y
varies from x-axis upto the linex+y =1 i.e., from 0 \
tol—x. :

(it) Evaluate J L Vxy —y? dxdy where S is the triangle with vertices (0, 0), (10, 1) and

Sol. (i) The region R of integration is the V4

B (0, 1)

The region R can be expressed as
0<x<1,0<y<1~-x

J‘J’R 2+ 3y dy dy = _[01 J'Dl'x €25+ 3Y dy

= 11 2x +3y =
J.O{ge dx

0
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i
} —_ 2t 2 IY[D02 . (p 4 1) -—.] ‘
| = (; (e—1)[2¢e (e+1)] = E)‘ (e~ 1)(%e% — o 1)
1 , Braretic A e ] ,
= (—; (e~1)(e—1)2e+1)= *(‘), (e —1)%(2¢ + 1).
(if) Region R of integration is the region of Ya
o (riangle OAB (shown in the figure). Here equa-
:ion of the line OA is
1-0 ‘
e e (1,1)
y-0 10 -0 (x-0) B y =1 (10, 1)
_ 1 4 8
or Y= 10 & iy
equation of OB is y=x 7=A10
. R={(x,y);y<x<10y; 5 —>
0<y=<1} (0, 0)
[T am- [
. xy — X = xy — X
.._[Syy Y=o l), VoY axidy
10y
Gy - y2)Y 2 1 @y
0 3 3o y
=Y
2 y

Example 7. Evaluate HR y dx dy, where R is the region bounded by the parabolas

y2=4xand x? = 4y. va
Sol. Solving y? = 4x and x? = 4y, we have

0 \2
(%J =4x or x(x*—-64)=0
a x=0,4
When x=4, y=4

Co-ordinates of A are (4, 4) O
The region R can be expressed as

x2
0<x<4, - <y<2yx

4
o =y vares

2Jx 4
_* 1 2 —_1_ o 4x—f— d
_-[0 E{yjl dx—2 0 [ 16)
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Example 8. Evaluate

| =+ y) dady 0

A TEXTBOOK OF ENGINEERWG M

Ya
Sol. Region of integration is
{(x,y)y<&<[0 y<1}
B
Y
'U xy (x+) dxdy
R
0,0
oy
a3 2 V7
= yf‘+y2— dy
" y
4
5/2 3 y _y_
. 4 N
i 52 0 J _1_(2 7/2)+1 y__él
IO(3y ydy 3\ )24 65|
“ 91 8 6 168 168 56

Example 9. Evaluate H (x +y)? dx dy over the area bounded by the ellipse

£l
e
Sol. For the ellipse
y x2
T == ———— =4
b 1 " or y

» The région of integration R can be expressed as

b
—a<x<a——\/a - x2 < <_J
a Y a® - x2

” (x+ )% dxdy = _U (x? + y2 +2xy) dx dy

J~ Jb/a m

b/a a

I r;:;;;;(x e ]

il

=1

a—x

(x +3% +2xy) dy dx

YA

X=-a

b/a a? - x?
2xy dy dx

b/a a? - x?
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| "\""?""""'(.i,.‘)Evaluate ‘[2 Iyz ey dx dy
v o Jo

e T

|pLE INTEGRALS
LA ezt 387

2

a blaa® -x 2
» :J_a J. 2(x* + y®)dy dx + 0

[since (x* + y?) is an even function of y
and 2xy is an odd function of y]

01a

- 3
=4 I:gxzw)az — x2 +3L3—(a2 —x2)3/2:|dx
a

putx=asin®, .. dx=acos6dd

n/2 3
=4J. (é--azsinzﬂ-acose+b—3—-a3 cosae]xacosede
0o (a 3a

/2 3
=4 J.n [a3b sin?0 cos? 0 + Eb— cos* 6] do
0 3

We know from integral calculus that

x _
2 : (p-1)(p-38)-Hg-1(g=-3)-1m
2 ainP q edai= ok
-[o sin® x cos? x dx (0 Ta) p+a—-2)- 5
: _ T
if both p, q are even otherwise no 3
and 7 cos? _ (% sin? xdx = (p=1Xp=3)T 3¢}, is even otherwise no g—
.J-o cos xdx--J.o sin o(p—2)— - 9 _ .
| 1.1 n ab® 317
Given integral = 4 l:ag’b ‘T2 2 t5 42 2 -
_ T (a3 + ab®) =Zabla® + b?). =
4 4
' ng integrals
gir Example 10. Sketch the region of intesgr ation and evaluate the f ollowing l—n,-eg ‘
: (i) ; 8y x+y
ey jo "+ dudy
(P.T.U., May 2004)
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5.3, EVALUATION OF DOUBLE INTEGRALS IN POLAR CO-ORDINATES

/

0, rre )
7o evaluate Ie, _I-r1 f(r,0) dr d6 over the region bounded by the straight lines § = 6,0=9,

d the curves =1, T =y, we first integrate w.r.t.
aIIl)et.ween the limits » = r, and r = ry (treating 6 as a
ZOI]Stﬂllt)' The resulting -expression is then integrated
r.t. 8 between the limits ® =0, and 6 = 0,.

Geometrically,| AB and CD are the curves
r=£® and r:f,z(e). ~boundec.1 by ‘t_he linest 0=0, z.lnd
g =0, s0 that ACDB is the region of integration. PQ is a

W,

i . r=n
\ wedge of angular thickness 86. Then J ’ f(r,0)dr
‘\‘ r=n
‘ihdicates that the integration is performed along PQ (i.e.,
rvaries, 0 1s constant) and the integration w.r.t. 6 means

rotation of this strip PQ from AC to BD.

ILLUSTRATIVE EXAMPLES

o1t/2| pacos®
Example 1. Evaluate . U r \fa2 —r? drjl de.

0

/2[ racos® 1 '
Sol. I=_[n j ” —E(az—rz)m(— 2r) dr] de.

o |Jo

B acos O
/2 1 (az _ ,,2)3/2 N
— do
J-o 2 3/2

0
1 orc/2

=——3- J, (a® sin36—a3)d9=——3—

2 n] o
[———]—E(?)ﬂ—‘l).

Example 2. Evaluate J."3dr d®, over the area bounded between the circles

r=2cos0andr=4cos6.

Sol. The region of integration R is shown
shaded. Here r varies from 2 cos 6 to 4 cos 6 while 0

varies from — ] to E
2

n/2 p4cos0O 3
J r°dr do

J-‘[R r3 drafl= —-n/2

l g =J‘“/2 |:r_4-i|4cqsed9
, »—n/2 4 “
}

2cos 0

2cos0

2 V
%(256 cos? 8 — 16 cos* 0) do

- n/2

_TAY
9 2

r=2cos0

r=4cos 0

XY
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/2
=60 Jm cos* 6do
~n/2

/2
_190 [ cos* @b
0

L 3xLm 6
=120% 25’9 2
Example 3. Evaluate J- j r sin 6 dr d6 over the area of the cardioidr =a (1 +¢,
: s .. ’ e) abOUe
7

the initial line.

n of integration R1

Sol. The regio
radial strips whose ends are 1= 0and r=a (1+cos 0),
the strips starting from 9 = 0 and ending at o=m.
a(1+ cos 6) =, ;
rsin0drd6- (=0 0=0
X

HRr sin 0 dr d0= Jot-t J;)

. 2 a(1+cosB) '
_ . r ) 9 ’
JO sin e[_] de = _2--[0 sin 0 -a“(1 + cos 6)2 do

2
0

2

_a“ (., . 0 0 0 i n B

==~ | 92sin — cos—- 2 .0

7 jo sm2c0s2 (2 cos 2) d6 = 4a? _[0 51n§cos5gde

n/2
= 4a? 2sin ¢ cos® ¢ d . 6
| J; ¢ cos® ¢ do [Puttmg -:2- = ¢ and d6 =2do
— .2 n/2 ) : n/2
8a J.() 0055¢(_Sln¢)d¢ =_8a2 '[COSGG q)}
— ’; ) 0
. ) .. n+l
, , . J. [f(x)]n f'(x)dx=[f(x)]l ,ni—l
9 n+
3
Example 4. Evaluate ”M
0
m ver one loop of the lemniscate r? = a? cos 20.

Sol. The regi i
gion of inte i i
gration R is covered by radial strips whose ends are 7' = 0 and

r=a .
ycos 26, the strips starting from g—_ ®
4 2nd ending at 9= T

Scanned with CamScanner




—

JULTIPLE INTEGRALS

rdr:dG n/4 pa \/cns 20
: H = J J La? 4r2)V2 9.
. R ( 2 ! <2rdr do

[a2 + 12 - n/4J0

Y v T
J.,[/_; 1 (al +,,2)1/&

T Jonre| 2 1/2

/4 .
= a.J'" [(1+ cos 20)V2 —1]d0 = af

n/4 -/

393

i

n/4
- 2 4y '
df = J.“ml(u. +a” cos 20)V% _ ¢4 |cl®
0

n/4 9 .
|l(2 c0s?0)"? ~1)do

/4 /4
- a.j (V2 cos 0 —1)d6 = 2af: (V2 cos 0 — 1) dO

-n/4
|+ integrand is an even function

=2a[\/§-—1——£J=2a(1—E).

n/4

=2a \/isine—e
[ } 72 4 4

0

TEST YOUR KNOWLEDGE

Evaluate the following integrals (1-4):
n pasin 6 /2 pacosO
L j j rdr de 2.J _[ » sin 6 dr do
00 0 0

/2 pa n era (1+cosB) 9
J J rdrdfo 4._[ J r“ cos 6 drd6
0 _ a (1+cos ) 0J0

i

‘ 3
5. Show that J'J r2sin 0 dr dgz_zﬁ_, where R is the region bounded by the semi-circle
R 3

r = 2a cos 0, above the initial line.

6. Evaluate -U r3 dr de over the area included between the circles r =2 sin 0 and r =4 sin 6.

| \ Answers
2 ‘ 2
| g 9. & 3._a2(1+—75J
| 4 6 8
| 5 457
4, gl 290
8.7[0 6. 9

6.4, | |
- 8.4. CHANGE OF ORDER OF INTEGRATION

.In a double integral, if the limits of integration are constant, then the order of integration is

1 - . m
__mmaterlal, provided the limits of integration are changed accordingly. Thus

| L “"'f‘ | | j ¢ J'bf(x, y) da dy = J':J:d f(;, y) dy dx.
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able, a cha

\"'\Tﬁ
nge in the order of in .

: t
A rough sketch of the region ofinegra

ILL

S
USTRATIVE EXAMPLES

inte jon in
Example 1. Change the order of integration

J‘° ‘ xdxdy
o dy x¥ 437 o
Sol. From the limits of integratxor.l_,_ 1t'15t ciE:I;‘-}:lg
the region of integration is boux}ded by x=Yy ;.the 1,3,0 B
and v = a. Thus the region of mt?gratlon 1h M
and is divided into horizontal strips. ?‘or c .antgmation
order of integration, we divide the region of in g;‘co .
into vertical strips. The new limits of integration me:
¥ varies from 0 to x and x varies from 0 to a.

B and hence evaluate the same.

roxdxdy “’J‘xdy dx
J:J.vxﬂ -ih_v2 “dodo x> +y2
= .ax-[ltan'll] dx
a
Pt T -l Ta
— —d:c=—~|:x =—.
Jo 4 4 Jo 4

ti
)
teg'rati%

YA
Y=a 8
x=0 /
+”\\ !
}ng
T
O y:O A

1p2-x
Example 2. Change the order of integration in I = J-o L2 xy dy dx and hence evalugi:

(P.T.U., May 2006, May 2009, Dec. 2011, 2013)
YA

the same.

Sol. From the limits of Integration, it is
clear that we have to integrate first with respect
te y which varies from y =22 to y = 2 — x and then
with respect to x which varies from x = 0 to x = 1.
The region of integration OAB is divided into
vertical strips. For changing the order of
integration, we divide the region of integration
into horizontal strips.

Solving y =x2and y
of A are (1, 1). Draw
integration is divided

=2 -x, the co-ordinates
'AL{ 1 OY. The region Of
Into two parts, OAM and

MAB.

For the region OAM, x varies from 0 to

xvariesfromOto2—yandyvariesfmm1t02.

J;) : L i— x.xy dxdy= J.olfo\l;xy dxdy + f J.: ) y.xy dx dy
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Example 3. Evaluate by changing x dx dy

JJ\

_\
| - x ’x2 +_y2-
| . ation it is clear that Y4
we have to first integrate w.r.t. y and then wW.r.tl. x. y varies C

1
the order of integration, of _[0

Sol. From limits of integr

= fo_ 2 i, 8 o PEECQ
fromy =X toy = |2 — x* L-C-:yz=2—x20rxz+y2:2 B e A(1, 1)

i.e, a circle with centre at (0, 0) and radius = /3 and x PE==P
varies O to 1. This integration is firstly performed along -o ‘ —
vertical strips and then along horizonta] strips. For %
change of the order of integration we have to first
perform integration along horizontal strips and then
along vertical strips. The region of integration is shown
shaded in the figure.

For horizontal strips the whole region is divided into two portion OAB and ACB. Let the
horizontal strip in the portion OARB be PQ and that of in ACB be P'Q’. '

The curve and the line intersect at A1, 1).

For OAB ; x varies from 0 to x and y varies for 0 to 1.

For ACB ; x varies from 0 to J2 - y* and y varies for 1 to /2

J: J-~/2_—? x dx dy Dy 4 ij(:/z—‘? x dx dy
! X

Lol o, o , 1 V2 o2y 2 4+ v2-12 dy d
=~ 2 ~12 (2x) dx dy + — (2x) (x* + y*)'= dx dy
ZJ;)‘[()(l +yy i oy dedy+ 3 [V

2-y*
1t (x? +y%)2 yd +_1_J‘*/§(xz+y2)”2 i
“old 1/2 i YTk 172 o

SSAE S B n+l

f(x). |
| By using I [f(x)] [ (x)dx = TS #—1

=L [

1
|

Scanned with CamScanner



| . A TEXTBOOK OF ENGINEERING M’\THE l
’ M |
396 ATIQE
J2

1 2 V2 -1 1

= +2-1-~+2+=

_(\/23'2 y2J +(,/2y-‘—y§"J T 9 9
2

ol 1
:-l-[ﬁ-1+4—2—2ﬁ+1]=%[2—ﬁ] =1-5:
2

Example 4. Change the order of integration of sy

1

=Py gy da (P.T.U., Dec. 2003)
'[0 ’[2"""‘2 y ion it is clear that

Sol. From the limits of integration it is c.earf ot s
we have to first integrate w.r.t. y which varies iro

V2ax-x% to V2ax i.e., J2ax - x? £y < 1/—2_55- l.€.,
2ax —-x?<y?< 2axand then w.r.t. x which varies f:rom Oto (0,000
2a i.e., 0 < x < 2a. This shows that integration is firstly
performed along veritcal strips. For change of the order
of integration we have to perform integration firstly along
horizontal strips and then along vertical. We draw rough
sketch of the region y2 = 2ax— x2 or x + y% — 2ax = 0 which

@)
M
o
~
o)
&

(a, 0) A X

N
Il
by

(a, - 2)

g |-

is a circle with centre at (@, 0) and radius q, y=+2ax or ¥% = 2ax is a right handed paraholy,
The region of integration is shown shaded in the figure.

x = 0 represents y-axis and x = 2a represents a line parallel to y-axis.

The two curves intersect at (0, 0). For horizontal strip PQ we see that only the region

BCE is covered .. we divide the whole region into three portions namely: BCE, ODC and
AED
for BCE;
2 2 ) D f
xvariesfromg—tOZa V¥ =2ax -x* or x*-2ax +y*=0

_ a (1.2 _ 4.2 '
Y varies from a to 2q x=2ai 4a” -4y :aim

2 2
for ODC ; x vari L Ja? — )
| x varies from o toa+ g2 _ y?
Y varies from 0 to ¢

for AED x varies from a+ [u2 _ y? to 2a
¥ varies from 0 to ¢

2a 2ax
J'o J-mx—x')' Vdyds < _[:a f:,za dedy+_[:r+m V dx dy

¥4 /2a |
a JZa VCU d.'
i 2
Example 5. Change the order of i 2 n 0 Ja+ya’-y [uate
_ra J»a+m oy fintegration, in the following integral and evd N
? J; N T N (iv) J""“J'zwfa?dy dx. (P.T.U., Jan. 2

i 0 x*/4a
a]aﬂ/a!—y‘ il !
a—

From the limits of integration it ig e e

. "
T Tearthat we have to first integrate w.r.t- "

3
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y varies a” —y* toa+ m YT

B o g we )22 s _
gzat @t -yli@-aF=at-y? y=0
.6 § o <
ey 2+ y2-2ax=0
o idethe circle with centre at (a, 0) and radiug P :
Lo ld y varies from 0 to a. o | PRy
and Y V2O U . —
a This integration is first perfomed along 0,0y g
rips PQ. For changing the order of (2a,0)  x

horizontal B

teg ration divide the region into vertical strips P'Q’ where y varies from 0 to Jﬁ
. s L L . =t 0 \2ax — and
cvaries from O to 2a. The region of integration is shown shaded in the figure ) (
a pat ’02—_}'2 2a v 2ax—x2 2a m
J' J’ dxdy = J- J. dy dx = J y dx
0 Ja-ya*-y* i 4

0
2a 2 2a
- ["oar— ar= [ G- ds
_-ofa’—(x—a? o ., x-al”
- + — SIn~
2 2

a |y 22 2
(i) From the limits of integration, it is clear that we have to integrate first w.r.t. y

2

x Y4

which varies from y =Z_ to y = 2vax and then
a

w.r.t. x which varies from x = 0 to x = 4a. Thus ohy=4a
integration is first performed along the vertical 37 p A (4a, 4a)
strip PQ which extends from a point P on the Q S s
& X=44a
2 . 44
parabola y A (i.e., x2 = 4ay) to the point Q on b N
4a 0 ¥

the parabola y = 2 x/;x_ (i.e., y2 = 4ax). Then the
strip slides from O to A (4a, 4a), the point of
intersection of the two parabolas.

~ For changing the order of integration, we
d”@de the region of integration OPAQO into
horizonta] strips P’Q’ which extend from P’ on the

2 - . .
2 to Q’ on the parabola x2=4ay e, x= 2‘[@ . Then this strip

v a
Slides from O to A(4a, 4a), i.e., y varies fr

B T e L

%/4a 9
_ J-4a[x]2J5§ iy I:a(zm_ %I'EJ dy

Parabola y? = 4ax i.e., x =
om O to 4a.

0 y2/4a i o4 3
3 T a
PRl - VR o7y
=|2ve 35 " 12a), 3. Z 2
16a* 32a° _]-_fia_z,=—1—:—g——
- 3
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is clear that we have to integrate first w.r.t. y

IQS

ATEXTBOOK OF ENG|NEE'§|N l
S MaTy
EWay

a p¢lx
Example 6. Change the order of integration in Jo jmx F(x, y)dy dx ‘

Sol. From the limits of integration, it YA

which varies from y = mx to y = Ix and then B @l
w.r.t. x which varies fromx=0tox=a.

along the vertical strip PQ which extends from

: i ¢
a point P on the line y = mx to the point Q on s M
the line y = lx. : ; 4 z

have to first perform integration along hori- L M
zontal strips and then along vertieal strips.

Thus integration is first performed

For change of order of integration we C

For horizontal strips the whole region X' O T

1s divided into two portions OAC and CAB. . X

OAC be LM and that of in CAB be L'M’.

l
varies from 0 to ma. -

Let the horizontal strip in the portion 'LY’

For the region OAC, x varies from ¥ to ¥ ang
- Y
m

For the region CAB; x varies from 2. la

to a and y varies from ma to |

R W T T

X =

vy F@, 9 dxdy
!
Example 7. Evaluate the following

~ (e y dx dy o (e
l -
® JO Lz " - jaz—g7 ) Jo L " dydc. (P.T.U., May 2004, Dec., 2011)

Sol. () [*[° y dx dy
0% (q - x)\Jax - 2
e Bty T
ere imits of integration are given by 0 <y <aand

y? i, ¢ o
S < ¥. The limits of x are depending on ¥ where as that
of y are constant,. We have to Integrate first w.r.t. x and P
then w.r.t. ¥ but we can

integral of 4 W.rt. vis o &
-r.t. ¥ 1s simpler.
(a-x) \/ax — y? =

or .y2 = ax (a right handed parabola) and x = ¥ 1s a straight line and these two int
ponts given by x® = axorx=0,x=qaie_ at (1

not easily integrate in this order, 0

y
We change the order of Integration for this we first sketch the region given byx=7,

ersect ot

» 0) and (a, a).

e
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\-1r19~ from x to / ‘.‘

At

. We divide the region into vertiey)

Strips PQ

0

.- C
eed limitg of y as variab]
Y as variable

2

a-—-x)

\-arit‘s from 0 toa
ol
- yvdxdy I-a \»‘m
:w s . 15 -
~[: yia (q@- .ﬂ\! ax— y°
3 1 paxy
\~, -— k— )\')(a\ - "l 1,_ .
J:\ a-—-2x-x Y7 dy | dx
f’ 1 ] 1\ D 2 AQX
= e e dy =
0 a —xL 2) 2 ‘
L X
_ J.a r__— dr _ J \,; dr
0 a-— \ Q \/a X
Put x=a sin> 6; dx = 2a sin 6 cos 6 d6
+=/2 Jfa sin .
92a sin 6 cos 6 d6 =2a J
o \ cos 6
5 1t ax
SFo9 2
y dx

Here the lumt\ ofmtecrrqtlons of v are from x to

bemtegm&d w.r.t. v, .. we change the or

sketch the region and then divi
B (Reglon 1s the \haded pornon)

& .r.Ol'ho - varies from 0 to}

&%_o_to rizontal strip x varies

\‘eﬁrst

90 %

—
. sy g -
-y -

e ¥ e | —
‘d\‘dt = [ d" d‘ [.o \

s 0 \J ol e

.
_ - -l LY
"l =
= Jo —T_ Ik Jo )

-y
3 -~

3 "
imi . A L co. As — cannot
‘hehm'ts of integrations of x are from 0 to = As 70

0

~ and

der of integration.
ide it into horizon-

. and v varies

and that of X as

[(0-2(ax - x*)V?)dx

“sin® 6d6
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6.5. TRIPLE INTEGRALS

—/—— . . .

Consider a function }f(x_, ¥, 2) whlgh 1s continuous at every point of a finite region V of three
dimensional space. Divide the region Vinto n sub-regions of respective volumes 8V, §V,, ...... 5
5V, . Let (x,, ¥, %) be an arbitrary point in the rth sub-region. Consider the sum

n
Z [ Yrs z,) oV,
r=1
The limit of this sum asn — o and OV _— 0, if it exists, is called the triple integral of
flx, y, 2) over the region V and is denoted by vaf(x, y,2)dV.

For purposes of evaluation, it can be expressed as the repeated integral

22 Y2 (%2
J ZJ‘ 2 f(x,y,z)dxdy dz, (1)
Z) Y1 X

the order of integration depending upon the limits.
Let x,, x, be function of y, z ; y,, ¥, be function of z and z,, z, be constants, i.e.,
Let x; = /19, 2), %, = f,(9, 2), ¥, = 0,(2), , = §,(2) and z; =@, z, = b.

Then the integral (1) is evaluated as follows:

=b =¢,(2) Xy = fo(y, 2)
rz _[yz - _f . [(x,y,2) dx | dy |dz

z)=a ¥1=0,(2) x = fi(y, 2)

First f (x, v, 2) is integrated w.r.t. x (keeping y and z constant) between the limits x, and
x,. The resulting expression, which is a function of y and z is then integrated w.r.t. ¥ (keeping
zconstant) between the limits y, and y,. The resulting expression, which is a function of z only
is then integrated w.r.t. z between the limits 2, and z,. The order of integration 1s from the

innermost rectangle to the outermost rectangle.

Limits involving two variables are kept innermost, then the limits involving
one variable and finally the constant limits.

Ifx, Xy} ¥y, ¥, and z;, z, are all constants, then the order of integration is immaterial,
Provided the limits are changed accordingly. Thus

2 Y2 p % X3 (Z2 Y2
.[ " f(x,y,2)dx dy dz =J‘ J flx,y,2) dy dz dx.
& LSS

yl X 1 »1

2

_ J-x:_ Yo 22 f(x,y,Z) dz dy dx’ etc.
1

»y vz
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ILLUSTRATIVE EXAMPLES

,/1 £ pvl- x* —-————-—1——2’—“2“d2dy e
Example 1. Evaluate J- j J- TR
i L dedyd
Sol. I= Jo-[o _[0 [—‘(1" 2y 2y _ 22

}m

dy dx

‘ Example 2. Evaluate J':sz:z xyz dx dy dz- (P.T.U,, May 2006, May 2009)

Sol. Jloz f“:z xXy2 dx:' dy dz
yz

“[l| we- 22 iy
0

2 53 44 2 2 59 15 2 2
=| —. 2| dz=| Z-(16- e
L 412 _[08(16 Dz =22
0
_15 16 15
8 4 2
Example 3. Evaluate [ ('€ (¢
LL Jl; log 2 dz dx dy.
Sol. = [ =)
I‘LL |:L 1°g2dz]dxdy
Si _ 4
ince LlogZdZ—_llogz°1dz
. =
Integrating by parts  =|1o i |
g2:-2| - L
I L Thz ‘zdz

e-l'

=e"loge"—-0—[z] Txet—et+1=(x—-1)e"+1
: 1
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_re log v \
I= J-l L, [(x=1) ev + 1] dx dy
lo ) lo
NowJ. (=D e+ de=[* (x_1) etd“[x] e
| 52 log y 1
= -De* Y . pX :
[(x )e L L l-e*dx+logy—1 (Integration by parts)
log y
=(logy—-1) elogy_|:ex} +logy—1
L .
_ _y(lbgy 1) —(elgY —e) +logy— 1 ' [ ey =y
=y(logy - 1) - —ytetlogy—-1=(+1)logy- 2y+e—1
I—J' logy-(y+1)—2y+e—1] dy |
2 € e 1 2 € , e
=[logy.(y7+yﬂ —j —(g—+dey—{y2J +(e—1)[y]
1 y\ 2 _
: - 1 i 1
e? a y '
=?+6—J1 (E—i-ljdy_—(e2—1)+(e—1)2
2 2 € 2 2
=2 =2 - =£_ | —(l+1) —2e+2
—2+e {44“3’}1 2e+ 2 2+e [(4 eJ 1 Ve
X _
e 13 _1 , !
= —— — = — (e — 8¢ + 13).
=7 2e+‘4 4(6 e )

log 2 px px+logy .
Example 4. Evaluate j § J J et dz dy dx.
: Jo o JoJo

| log2 px x-+lt;gy ' log2 rx s w+logy
Sol. j j J’ & o dz dy dx = | [ oo dy dx
0 0 Jo 0 <0 . "
: rlog2 px ‘ Tm i
= ety (extlogy — 1) dy dx
uO o
" log2 px
= [ e (e - €°8Y — 1)dy dx = Jo Jo €™ (ye* — 1) dy dx
Jo Jo »
rlog2 px ‘ .
= [eZICer) —ev. .e_‘l] dy dx
Joo Jo B o

- ‘logQ{efﬁx(y— e’ —e* e’ || } @
Jo v
l Jye dy=ye® jl e’ dy = (y—l)e

J'log ‘er),c (x 1) ex = e e?.x + ex} dx

J' *@-1) e3x+e"} dx
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x log
o3 log2 J‘k’gz l,i?:._dx +e” i '
0 3¢ (1082
1 ¢ +(ee2-1)
3log2 + — — —
=(log2-1) 3 9|
3log2 1 3log 2
e 421 edlog2 — ,logg
_Blg2-n+t3-—9 "o t
S 5 1 8,1, 8121
=§log2——+’3‘ 9 9 3
4 2
a cos 6 \/a‘z—r rdZ dr d9
Example 5 EvaluateJ‘ I )
aZ_rZ
Sol. |2 = rz dr do
o Jo i
u a cos 0 2 2
’—'JZU ria®—redr|do
o [Jo
n acosf
S 1 ((12 r2)3/2 J, [f(‘t)]"“l
_ {12 | _= n - .
_J; ( 2) 373 0 d0 using | [f(®)] f()d el hEl
- Jg (a3 sin? 6 — a%) d@
3 Jo
a I
?{ 2 sin®0do - J. [ de} /
3
a |2 “} > (n=1)(n-3)
=— " )a37 o using |2 sin"0de= i .
3 (31 2) | Jo (=T when n is odd
_a’[n_2
3 (2 3]
Example 6. Evql dx dy dz
S 'Uf x+y+z+1)° over the tetrahedron bounded by the coordinat
planes and the plane x + y+z=]. 200)
(P.T.U-s DCC- =

s flf

J'."l— J.H-yx+y+z+1) 3dzdydx‘j J-l Leey izt
)

1-x-Y

({_\' dx

-———ff (x+y+1+1—x y)~2 (x+y+1)-2]dydx

2J‘J-H : (x+v+1) ] dy dx
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11 @ey+nt [T
- 9l 43’—-—_—{—-———- dx
0
! = l Yl-x -1 -1
i - 2_"0 I: 4 +2 —(x+1) ]dx
10113 «x 1
- 2-[0 [4 4 x+1]dx
1
1 2
=— 3x——yi——log(ac+1) }
2
0
1 (3 1 1(5 1
=== === log2| =—=|—=—1log2 ==log2—-—
2(48 g) 2(8 g)2g 16
TEST YOUR KNOWLEDGE
Evaluate the following integrals (1-10):
rrr (x2 +y% +2%)dx dy dz 2. rrja(yz+zx+xy)dxdydz
-C 040 J0
(P.T-U., May 2015)
1 x+2 3 A1
3. J'_”' (x+y+2)dydxcdz, 4.jj J‘[x;xyzdzdydx
1 x40 .
(P.T.U., May 2014)
1-xpl-x—Yy 1-xpl-x do doc d
5. Ij J- xyz dz dy dx 6.]0_’;2 jo x dz ly
(P.T.U., Dec. 2013)
1 py1-2% py1- 2 _ 2 asmO (@®-r?)
1. IJ xJ‘ * yxyzdzdydx BJ- dOJ J rdz
0J0 0
(P.T.U., May 2012)
a px px+ Y w2 pasin @ 9—2—12—
9. IJ.J' XYY T2 dz dy dx 10. -[o -[o Jo @  rdzdrd®
11. Evaluate Jl.” (x + y+z)dxdy dz over the tetrahedron bounded by x =0,y =0,2 = 0
andx+y+z=1
[Hint. See S.E. 6]
Answers
8 13_1
L 3 abe(a2 + b2 + ¢?) 2. %as 3.0 4. 9 6log.‘i
; 1 5ma’
5 1 4 =it 8. ——
720 6. 35 [ 64
1
9- .l 4a 2 3 511‘,&3 11 —
e - a a _ — 0 =
8 €T T8 64 8
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s h
OF VARIABLE ) \
iRl e or triple integral is greatly Simplifieg by .

R
i ouble \
Quite often, the evaluation of nd

change of variables.

‘ ?-,(th:;;

in the double integral J‘Ju [(x,y) dx dy be chy nged g,

. ] » ' , s U h'/ rr”"
— x gre Lre 5 . ' Er.
] o( vhy= \V(“ v), then the double Integral is tr lm,formf,d Inte
" : e u VY= ’
()f lhl‘ ‘l‘ln‘ onsa \

Let the variableg x,

x )x

N CR N E P
“ {0, ),y v)) | | dudv where J = Au,v) |
R’

du oy

- ~ ansformation from (x, ) to (&, v) co-ordinates and R’ jg 4}, region i,
is the Jacobian of transforn ion R in the xy-plane SO0 the
uv-plane which corresponds to the region R 1 '

(1) To change cartesian co-ordinates (x, y) to polarzco-o:dmates (r, 9).
. 2 ¢ - €
Here we have x =r cos 0, y = r sin 0 so that x? + y2 = r

ox ox i
or 00| |cos® —rgin i

J= g; ?)3 =|sin® rcos@ | =7 (cos® 0 +sinZg) =,
ar 2

J.J.Rf(x, y)dxdy= J.JR f(rcos®,rsin®) rdrde

i.e., replace x by r cos 8, ¥ by r sin 6 and dxdy by rdrde.

(i) To change cartesian co-ordinates (x, y, z) to spherical polar co-ordinates (

r,6,0).
Here, we have x =r sin 0 cos ¢ Z4

3

Y=rsin0sin ¢ P(x.v.2)

Z=rcos0 Lo
so that a4yl g g2 = g2
¢ " z=rcost
dx  dx  Ox

a9 %
j=|2 Y Y

i
o 9
% %2 %
or 90 L)

sin0cos¢ rcogg cos

s . —rsinesinq)
= | sin O gin ¢ 7" €08 0 sin ¢ 7 8in 0 cos ¢
cos f ~T"8in @ 0

— r2 sin 0
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. (x ',z)dxdfdzz'l'J‘J‘ e '
N '”.'[Vf o ’ V'/ (r sin 0 cos ¢, 7 sin O sin b, rcos0)r? sin O dr do dd
L&JOthwGbersu}gqm¢;ybyrm"OH““WZhyrmmﬂunddxdydzmHJQnOdr191
(it1) To change cartesian co-ordinates (x, y, z) to cylindrical (ro-orl(linutr'q (r' €28
Here we have x = r cos ) nates (r, ¢, z).

32' Z rz sin ¢ 74
dx oJx Odx
W AT A P(x.y. 2)
or dp 0z e o
|y i
“lor dd oz .
k= %
or Jd0 0z y
cos¢ —rsing O ) 90° — § A \:{
=|sin¢ rcos¢ O ¢ 90°
0 0 1 r X
=r (cos? ¢ +sin?¢)=r ¥
J J jv f(x,y,2) dx dy dz :

= IIJ.V'f(rcos o,rsing,z)r d’f do dz.

ie, replacexbyrcosd,y by r sin ¢, z remains same replace dx dy by rdr d¢ ; dz remain same.
|

ILLUSTRATIVE EXAMPLES

2 _ 2
Example 1. Evaluate JJ j x2 y2 dx dy over the positive quadrant of the circle
\’ +x“+y

¥ + y2 =]1.
Sol. Changing to polar coordinates by putting x

=rcos0,y=rsin0; x2 +y2=1 transforms

. : ) ) T
into r = 1. For the region of integration R, r varies from O to 1 and 0 varies from O to 5"

1—x2—y2
I= =X =S ;
JJRmdxdy
_ n/2 1 1_,,2 . N
—J.o -[0 1+ 72 rdrd® Idxdylsreplaced yr ‘r .

[

\fl—r4

L NOW jli(_l__i_)dr = J.l ["__,:'T— L 4 ]d’ Fouuonu

4

0o 0=0
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= 2r g+ x| -4r® -ty dr

—2d \/1’—":1 4
(1t :|1

1t adt +l.[
]

1 1 1 - __1_ (EJ _ l = E 1
:-é-[sin't +§(0—1)—2 2 2 4 9
0
/2
w1 n 1 " T 1\n g2 n
P |G o LI
o \4 2 4 0 2 8 g
Example 2. Evaluate J‘J\/a2 ~x® —y® dxdy over the semi-circle x2 +y2 = g, in 44
: e
positive quadrant.

0

, where £ = r2

0

Y4
Sol. Changing to polar co-ordinates, 22 + y2 = ax ~
transforms into r = a cos 0. For the region of o=k r=acosg
Iintegration R, r varies from 0 to @ cos 6 and 0 varies | 2

from 0 to E. R

2
“.R\/mdxdy 0 '””“'“““él:lc;llllmnn
n/2 ra cos B
=Jl() J.O m-rdrde

n/2cacos® ]
= J‘o Io =5 (a? - r2)Vv2 (= 2r)dr de

=In/2_l (az_r2)3/2 acos®

Y =rsin 6 so that % + y2=r2; for the region of Integration

3/2
1 w2 . 3 ns2
-*E ) (a® sin3 0-a®)de =—ﬁ—jn (sin® 0 -1)do
3 Jbo
=_g_[g_n _a(n 2
3138 2| 3l3g~ 5)
Example 3 Change into polar co-ordinates and evaluate
B +y%)
e dy di. Y4 /‘*’
(B.T-U., Dec. 2003, May 2011, Dec, 9917 5 ‘
Sol. For thg region of integration In cartesia :
co-ordinates, y varies from 0 to e and x also varies fro . E
0 to . Thus the region .of Integration is the plane XO;n E
Changing to polar co-ordinates by putting x = , cos 0 2

r varies from 0 to - and 0 varies from 0to E.

o)
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| dy dx = J e
S J() J.O J.,, e dy 6
/2 p ] -
[ e para

en/2pe ], .
—e 'dt do,where | = 2

[\l

J0 0

pnt/2
& —le" do = 1 (2 R
Jo | 2 0 J- (()—1)d()=—'[()} _T

2l 4

1

Example 4. Evaluate the following by changing o polar coordin
2x x‘! xdy dx | -
(l)_[,[ = +y (i7) _[ J.‘[—log (% +y% +1) dx dy
(P.T.U., May 2012) (P.T.U., May 2003)

Sol. (i) In the given integral, y varies from 0 to ,/Qx — %2 and x varies from 0 to 2

- | 2
y=q2x-x = y?=2x-x2 = x2t+y*=2x

o-ordinates, we have r? = 2r cos 6 or r = 2 cos 6

In polar co-
. YA
YA
r=2cos 6

y=‘12x—x2 g=X

2
(@) —»
FITERnREasnInaanusniii W 6 =0 X

y=0

T
from 0 to 2 cos 9 and 6 varies from O to e

For the region of integration, r varies

g x by r cos 8,y 9, dy dxby rdr d6, we have

In the given integral, replacin by r sin

J'nlz Jo c0s M J'n/o J. 2cos? rcos 6 dr db

n/2 g 72 cos® /2 _ g_é
_J. COSGI:IZ_J de::J-O 2cos39d9—-2-3——3.

0

et Cp-y?
1,»[13_

Olg; coordinates x = cos 6,

log, (x2 +y* +Ddxdy

= rsin 0 dxdy :rdr do
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A A A T S 2
e e

. Y Y \/ p v‘t""
Hore & varies from \/I-‘.\’ Lo 1)

- e A Mo | o r= band y viriog [y
A J‘ "r! ol x\)’ 4 .\'A = ' or ! I ' 'l“” l "l, '

|l e 1, we pol win O = Land |0 o 0 -
% M
/,

few rain 0= -1 and rain 0

\ . » n
In polar coordinaten r virdon from 0 Lo | nhd O varies from 7 b

Loty 0o ob 0l dym ’/’ | o (2
J 1 J Jl ‘,') I()H" (-\' ! y ! l)‘ W ( ,V " () = |l el ”Hﬂ(" f l)/'f//l,‘,
‘ Y

Put e 1 =10 o 2rdr=diin tho nbove integral

'71 9 l l ) Y
= J‘* ) J. Iu;{,,!( (/IJ(/() bz I , J log,, b ddt
0-p diel 9200 - ,’/ (=1 N

Integrate by parts

| n n Y
=—[2 (Iog!)l j ~u// do= L2 2 oge| o
Y |
It
Z ‘ (Zlug l)(l()fn(ZIugz—l)()
14
2

1
= - (210[,r2—1)7t=~7-E (2log 2-1).
Example 5. I ualuate [If 2(x? + y2 4 52
‘ Ye+2¢) dx dy d ! !
x° +y? = g2 intercepted by the Planes z=0and z = I‘:’ A e s

Sol. Changmg to eyl Cal
dx dy dz by r dr o cylindrical co-

voltume of he cylinder

ordinates by changing x to r cos ¢, ¥ to rsin ¢ and replacing
2r pa
- J J z(r? -+~z2)rdrdq)d =" (2,0, 8
0 do Jo = o 1o (zr” + 2°r)dr d¢ dz
, 0

_ rh j-2n|:z ri 9 r2 :|u .
“ g | dodz = 3 ,
0 Jo 2 =
4 9 : ¢ J( I( ( z+ 7 z ](ltbdz

= ! (._._ad Z+ 2 ';ﬂ o h 4 2
Jo | 4 2 ][(b:l dz = 2n a a 3
4 Jo ~4 z-i--—2 2z’ |dz

_m
Z (04 h* + a2 pt) = g a’h? (a" + h?).

e
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Example 6. Prove that ”.[ \/T—“g dx dy dz=— abc

2 2
{(x ¥ 2); —+9’—+z__]}
a®  b?

NTEGRALS
415

ere
whe 2
.2 2 2
o velteyenii 2,2
Sol. Here Vv {(x,y, ); 2 + b2 + C_z < 1} where V the volume of the ellipsoid
9 2
}7’_4_}_2__*_52_:1
a® b c
x_ Y _ Z_ :
Put ~ =1, 3 =U, W s x=au,y=buv,z=cwand | J | =abc
2 2
I__J’” \/1_a_2_52___ dxdydz—”J \/1 u? —v? —w? abe du dv dw

where V' is the volume of the sphere u? + v2 + w2 =1.
Change it to spherical polar coordinates
u—rsinGcosq) v=rsinBsin¢,z=rcos9

du dv dw =r? sin 6 dr d8 do

J- -[e Oj.r 0\/1 r? abe r? sin 0 dr do do
=abc JOZEJ.O |:J.o r21-r? dr} sin 6 d6 do (1)

e
To integrate I r2 1/1 —r2 dr;putr=sint .. dr=costdt
lLln =

J. 21— r? dr —J'—g sin?t cos?t dt = 129 16

2n ) _aben (2n
I—abcjo J.o 16 sin 6 d6 d¢ = T Io —cos6

2n

and

dé

0

From (1)

abem abc 12
= on =
8 4

abern 2n  aben
T 16 'ZJ dg=—g ¢

0

Example 7. Evaluate J” ( d:dy dj = the integral being extended to the positive
1-x"-y" -z

Octant of the sphere x2 +y2+z2=1
Sol. In the positive octant of the sphere

0<z<w/1 22 —y2;0<y<y1-x% ;05221

_[ J- 1-y2 J- Ji-22 -y dx dy dz represents the volume of the sphere in
J1-a% - y? -2

Cﬂlanglng to spherical polar co-ordinates by putting x =r sin 0 cos ¢, y =r sin 6 sin ¢,

COSBSOthat x2+y2+z2— 2

(P.T.U., May 2004, May 2008)

'z-
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416 L .
—_— 24 g2+ 22 =1 in the positive octant, r varies frqp, 0tg
)

For the volume of sphere X

T
aries from O to -5

i
varies from 0 to = and ¢ v

ing dz dy dx by r
Replﬂclng J’l 1 _ (1_ r2)

- '[:/2"-:/2'[01 re sir\l/%qfe do _ Jon/ZJ-Onﬂ 0 _T\/—_TT sin 0 dr do do
:J-nIZJn/2J-1[ 1 _ hl—ersinedrdedq)

o Jo Jo| [1-72

1
2
= jnlzrlz sin®|sint r - [rl_zr_ + % gin™! 7‘] dé do
0o Jo '
_ 0

/2 o2 : /0 /2 .
=J- 2'[ sin 6 B dedy = I _coso do = /2Ed
i 0o 4 5 ¢

0 0 4
_nm_n’
4 2 8

Note. For the whole volume of the sphere x2 + y% + 22 = @2
0<r<a,0<0<m,0<¢ <21

Example 8. Evaluate _HR(x + %)% dx dy, where R is the parallelogram in the xy-plane
with vertices (1, 0), (3, 1), (2, 2), (0, 1), using the transformation u =x +yand v =x - 2.
Sol. The vertices A(1, 0), B(3, 1), C(2, 2), D(0, 1) of the parallelogram ABCD in the

xy-plane become A’(1, 1), B'(4, 1), C'(4, -2), D’(1, -2) in the uv-plane under the given
transformation.

VA
Ya
A(1,1) v=1 B’ (4,1)
0(2’2) HIIIIIH]IIIIIIIIHHIHHI]IIL
B R B(3,1) ol ~f R’ 14
0,1) =1 ju=4
0 A(1,0) X F
D'(1,-2) v=-2 C'(4,-2)

The region R in the xy-plane becomes the region R’ in the wu-plane which is 3
rectangle bounded by the lineuw =1, 2 =4 and v=-2, y = 1. Solving the given equations forx

1
and y, we have x = %(2u +v),y= 'g(u— v)

0x ox

0%,y _|ou v Sge]

— x)y — au av _ E § 1

T ) | ¥ Y711 1|773
du dv 3 _E
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417

P 4 | |
| vt gt [
W Wy

vy :

I

; (i o
a
Y
SN BN

l
'
dn = lu Tdp = 'flul =Tx =21,
b Ay

\
Y

x\_\*\\\\\?\\\ 9. \‘-\ :\{‘:\@‘.‘.\\\ '\’ 1% ;:_I\)l‘\‘\'.fk\l‘.‘l.“:“\” A ' ‘\i = ”' ‘\| = (0 Hl'““" '/'“”

VRS

b Y
) B TIRENRY -
P 1 2 AN Sl CON
\}\\ N

ANy

" vadaaniion being taken over the area of the triangle bounded
N s
Okl (r.mu., Dec. 2004)

\

E A '\\ f\ \ MUY Qv e Ay using the transformation x 'ty = u, y = uv.

b NENE

[ph. @ Gvew ralvtin gty =y, v=pe
PradhARETRS AL N I WL WS BN
XTNFUNFW

= X% - W=l =)
N == Now x=0 = u=0 or v=1

xX=uy y=0 = u=0 or v=0
xty= = wu—-uwtuw=1 =2 u=1

~  Trhasgie

-
QTR
s -

into a square as shown in the figure.

2 e
A VA
v=1
:.‘\.
\
=0 \ u=0
T \A+y=1 u=1
\
> >
0 T A ;r 04 v=0 C u
- ~’=‘ '’
Wiz Eouw thnc
TR R ;'.‘. FTolz wiz o]l Jldudy
L S S 3.
Zxr ax
3 > 1-v —u )
- =i &= Su-uvFuv=u
= =i ley o v u
o o
o= P - Py i . L’Z
2 it i@ dai=| | i-vwl-wl" ududy
D e T - .t gy L=
-—

| -
SL = L=

ikl

el Jix
’

- S
= . 1-u,;duj v”b’*-lj du
'p.rl ]
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Pt p=sint o
dr =2 sin 8 cos 6 db

(1) becomes

: vy’ 1)
— i sin*B-c\\sB:ZschosﬂdGL \/(E] —(er—é] dv

JO

ox . N .
' 2sin’ 8. cos” 08d06 5 ey e

«Q

T
= X — )
105 8§ 105

.

el el-x ——

@) , J e* ™Y dydx
Jdodo

Limits of integration of y are from O to 1 —-x, ie,(y=0) y=1-x or x+y=1and
limits of integration of x are from 0 to 1. In this case also the region of integration is same as
in part (7)
. A
Under the transformation x + y = u, ¥ = uv the +Y

\ B

triangle OAB transforms to the square O’CDE
1pl-x —— 101 22 _ol Nx+y=1
ao [ TTe dydx=[ [e"1d1dudv x=
0Jo 0 Jo >
| J | =u proved in (i) part Gl ¥=0 \& X
1,1
=I J e’ ududv
0 Jo
L fele
—Jo 2.

1 1 1
- v _ v
—J:)e —2dv———2e

1
dv
0

1
_el—e0 e—-1

0

K pra
Example 10. Transform J- j r3 sin  cos 0 dr d@ to cartesian form and evaluate.
0 Jo
_ Sol. In the given integral r varies from 0 to @ and 6 t
varies from Oton;r=q represents a circle

given region of integration is semicircle in the
upper half plane the relation between polar and cartesian
system is X

X=rcos9, y=rsin@
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[Hint. See S.E. 5]

10. Evaluate the following integrals throu

gh the volume of
into spherical polar co-ordinates: of the sphere 2

2
+y4 422 o 1, by Changing

. 2 .
(z)”jz dx dy dz (ll)Jjj(x2+y2+z2)mdxdydz.(m>0)
[Hint. See S.E. 7]

Answers
n
o 2. (e-1E 3. L
1 2 14
. m .o e l‘
4 @ = (@i) na? (iii) 8 (% - g) a? (iv) %4 ;
5 3
) T_ (i) & log (V2 + 1) S.m(1- e_az) Zii
20 3 6.
. g - n+4
na Sn
7. B (1! - 2) 8. L ® ~ e
8 8 >3
. 4m .. 4T
10. (l) —_— (u-) .
15 2m + 3

6.7. AREA BY DOUBLE INTEGRATION

(a) Cartesian Co-ordinates. The area A of the region bounded by the curves y = [, y = fx)
b rfr(x)
and the lines x = a, x = b is given by A = J -[fz( , 9y dx
a 1(x
The area A of the region bounded by the curves x = f,(y), x = f,(») and the lines y = ¢, y=d

is given by
d fg()’)
= dxdy.
A JC Ifl()') y

(b) Polar Co-ordinates. The area A of the region bounded by the curves r = 11(0),

B ofa(0)
I = fy(6) and the lines 8 = @, 6 = B is given by A = LJ{ o rdrdo
1

6.8. VOLUME BY DOUBLE INTEGRATION

(@) Cartesian Co-ordinates. Consider a surface z = flx, y) ..(1)
Let the orthogonal projection of its region R’ on the xy-plane be the region R given by
®x, y) = 0. : ..(2)

Now (2) represents a cylinder with generators parallel to z-axis and the guiding curve
Biven by (2). Let V be the volume of this cylinder between R and R’. ‘

Divide R into elementary rectangles of area & 8y by drawing lines parallel to the axis of
*andy. On each of these rectangles, erect prisms of lengths parallel to z-axis. Volume of this
Prism between R and R’ is z &x dy. The volume V is composed of such prisms.

‘-
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: > 200 hy Jl 2tz //’V
H m u”

ey ]

Z‘r ["'{/Il/}

0

v

hx, y) =0

e . ' 4 wee he z = flr, &), Beplae
(h) Cylindrical Co-ordinates, Lot the equation of the surface be z = f(r, §) Iu,pl.;_r,mg

dx dy by rdr dg, we get V = J.Ltzr' dr df.

e

ILLUSTRATIVE EXAMPLES

Example 1. (@) Find the area lying belween the parabola y = 4x ~ x% and the liney =,
/ (P.T.U., May 2003)

(b) Find by double integration the area bounded by x = 2y - y2and x =y,
(P.T.U., Dec., 2011)

(¢) Find the area between the parabolas y? = 4ax, x* = 4ay.
(P.T.U., Dec. 2003, Dec. 2012, May 2015)

Sol. (a) The two curves intersect at points whose abscissae are given by 4x —x% = x
or x4 -38x=0 ie, x=0,3.
Using vertical strips, the required area lies between x =0, x =3 and y = x, y = 4x — x%

. Jpdx—x
Required area = J J dy dx Y4
0Jx

dx - x* :
-Js y dx % :
o\’ N

I 3 9 3 9 x ~\// o|'|)
-JO (4x - x“ — x) dx =J‘0 (3x - x°) dx Y4 x
) \\/
3x% 8 j 27
S| 73| T T0ms =
0 @) X

(b) Equations of the curves are x = 2y —y? and
x = y%. Both are parabolas.
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They intersect al points given b ,
lh(y ) " ) ‘ f y xuzyhy/ Ay
=2y -y or 2y“—=2y=0 or 2yy-1)=0 ~———

or y=0,y=1orat (0, 0) and (1, ‘1)
[iquation of the parabola x = 2y — y* can be put

in the form x = (2= 2y)
x=1=-0% =2+ D ==( = 1)*

5 (y-1)2==@x-1), which is a R
pnrﬂbola having vertex at (1, 1) 8
Using horizontal strip
: 1 o2y -y
Required area = j J- dx dy
0 y2
1 2=y ]
\ = ' 2 2 1 2,
| x dy=f 2y-y" -y )dy=f (2y - 2y*) dy
\ 0 y? 0 0
1
- 1.2_ . NN 9 1_1
3 2 3 6 3
t 2 = YA
(c) The two curves y2 4ax 2o
and x“ = 4ay 2
4 y =4ax
x
intersect at =4ax
inter. 60>
or 21— 64a%x =0
or x(x3 — 64a’) =0 > X

ie., atx=0 and x=4a
ie,' at(0,0) and (4a, 4a)
Using horizontal strips; x varies from

2

: ?’E to2yay and y varies from O to 4a.

JE

Requ1red area = J'4a J‘ ey dxdy = J dy

i 4a 2

j Y

] = —~—|d
_' JO (2 & 4a] 4

4a \

4a

-~f—-—

12a '[ |
§
= 4\3/.:1_ a)3/2 (40) ;J_ 8(13/2

640,3
12a

12a
3 3 3
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Example 2. Find the area of the region bounded by the lines x = —2z If;% a’nﬁ ;Ze 2(:(%0'5;

od +y2 =9.
Sol. The equation on of the circles x2 + y2 =9
Required area = 4 OABC

=4J‘02 -[09_:2 dy dx
, (o7
=4J.0y0 dx

=4J-02 9-x2 dx

xy9-x% 9 | 1 X 2
=4, 2N = p 7 ud
=4 {—2;/5 +§sin'1 %}
= 4.5 + 18 sin~! 2/3.

Example 3. Find the smaller of the areas bounded by the ellipse 4x% + 9y? = 36 and the

straight line 2x + 3y = 6.
Sol. The equation of the ellipse is

2 2
x° y
—t+—=1 (1)
9 4
and the line is Xido (2)
3 2

Both meet x-axis at A(3, 0) and y-axis at
B(0, 2).

Using horizontal strips, the required area
lies between

3 "‘.‘
x=§(2—y),x=g\/4—y2 and y=0,y=2. \

2
Required area=j J;, dx dy
0 JZ(2-y)
2
2 334"'2
J-O 32-4) d
5 ey

=f:g[44—y2-(2—y)]dy

bt 2
4-y°% 2
[ﬁy 4 +isin‘1 %—2y+y—J

[NV

2 2
0

[2sin?1-4+2] =

[\CR V)
)

2

2
(2'£—z)=§(n—2).
2
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6.9. VOLUME BY TRIPLE INTEGRATION

. 9
. ' . ‘a orive = d‘ CIZ.
The volume V of a three dimensional region is given by V J.Uv dx dy
| - Yooy = v=0,( and:.zy»-’—,
If the region is bounded by x=/,(y, 2), x=[,(3, 2) ; ¥ 6,(2), ¥ =05(2) =8, 2= b, they,

=J FZ(“JM%“ dx dy dz

(2) Yy, 2)

The order of integration may be changed with a suitable change in the lim. s o
integration.

In cylindrical co-ordinates, we have V= JHV rdrd¢dz

2 .
In spherical polar co-ordinates, we have V= .”Jv r*sin8drdé de.

ILLUSTRATIVE EXAMPLES

Example 1. Find by triple integration, the volume of the paraboloid of revolutip;,
x% +y2 = 4z cut off by the plane z = 4.

Sol. By symmetry, the required volume is 4
4 times the volume in the positive octant. The l

volume in the positive octant is bounded on the |
sides by the zx and yz-planes ; from above by \/’—_ / /
the plane z = 4 and below by the curved surface
22+ y2 = 4z,

The section of the parab0101d by the plane !
z=41is the circle 22 +y%2 = 16, z=4 and its NN
projection on the xy-plane is the circle x2 + y2 = 16, S 70 .
z=0.

The volume in the positive octant is

2 2 X
+
bounded by z = = 4y ,2=4,y=0,y= /16— 22
andx=0,x=4,

Required volume

_4IJ e jx +},z)dzdydx— J.J\ls i [ ] , ,dydx

e
_4J [[ —-’;-J 16 — 2 .—~(16 x2)3/2J
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§ ) IR, ‘..\ A » \
= & 8 LUR S ENA { (RN oA
W R \x\,\“‘ NI
-8 3 W R Y o
= _.E : \\6 . --.\A‘\\\\ 3 ‘\)‘\\\ = \" 4 ‘ A b XD
LA ) :‘ o) \ o X \ - [$AY
N iy Y QN 0y
= - 16\‘\ TN \\\\“\ AR \ v
‘Sl‘ L B oo B30, where y = 4 sin
N A MR 8
dw o oy SO \
a | o Ad= = NoAL W, PN
N W N 4.0 00 el
senpale S X8, Qv dniple indegran "
;&L. : e Fond, &y iy u“:u‘u\\‘:}\)f)n}g‘ the volume of the region bounded by the
v@,\!&“‘*‘ ad =X N ana e owinder T + W a R ‘

< B N O\ N R ] . ) .
Sl Changing W oylindrieal eo-ondinates, by putting x = 7 cos 0,y =r sin 0 the

D)

L fahe narahaloid be o o R o S o : :
e & e parshaiad baoomes e = ar s = " and the equation of the cylinder becomes

Soor ~= R On acount of symmetry, the required vol- "
s R R times the volume in the positive octant. Thus, in
Y
<~ - o ) r“ .
She om0 T won, = vanes fram 0 to —, rvaries from 0 to R
a
. & = 2
msxs..-n:_&mﬂmn. i
) a
4 .z/2 <R ar-la i p
-~ B *'_ﬁ'ai yolume = J rdzdrdé /
B b Yoo o) /// R
= __Z;,_ Y
PR 5
=4 riz| drd6 4
o' o ¥
0 L Jo 2 o
R 12 . 1R
+7.2 o X r =/2 =
_e [ r-Tdrde=4] || do x
o2 <0 a 4a .
G R* = _=nR*
==| R*de=—-7=
a -9 a 2 2a
Example 3. Find, by triple integration, the volume of a sphere of radius a.
(P.T.U., May 2003, May 2015)
=r sin 6

Sol Changing to spherical polar co-ordinates by putting x =7 sin 0 cos ¢, ¥

8, 2=rens 650 that 22 + y2 + 22 =T
The equation of a sphere of radius a
The s2me equation in spherical polar
On aceount of symmetry, the required

- . 24 2= g2
in cartesian co-ordinates 18 2Z+y’+z°=a ..

. 2 -
co-ordinates is r* = a” or 7 = ¢ '
volume is 8 times the volume of the sphere in the
] Web oetant n

. T i 0to—.
e ea ﬁ:”""’hil:hl’variesﬁ-mnOiaoa,BvariesfrornO‘r,OEand(])varlesfrom 2

e : 12 p7/2 08 , .
- “ Required volume =8 .‘: J: J:, 72 gin 6 dr d6 do
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420 n/2 en/2 o3
—sfn/zfn/z [ J dedé = SJ‘ J- Smeded(;)

/2
2 q coseﬂ d¢=§a3fn/2d¢—§a3 =i

losed by the surfa
d the volume of the region enc y ces z = 42
Example 4. 1in (P.T.U. May; 3y2

Sol. Equations of the surfaces are

z=x2+3y2,z='8—x2—y2

Their intersections are given by
x2+3y2=8_x2_y2 or 2x2+4y2=8 or x2+2y2=4

2 varies from x2 + 3y% to 8 — x% — y?

—x? 2
y varies from — T to [4-x
2 2
and  xvaries from — 2 to 2
. 2 4-x° 8- 22— y?

: 2
Volume of the Region = J'_ 9 J._ I -L"’ +3y? dz dy dx

2

4-2°
2 1/
=f 412 8-x" - y* —x* - 3y?) dy dx

\

2
’4—.152
=fz 2 _ (8-2x% 442
o) [a_22 y°)dy dx

2

4-x
2 3 WV~
4 2 2 3/2
= 8y—2x2y_*y dx = — 92 4-x2 4 4 —x?
L 5| el e-mhpfR L4t

Y2

2
4 _ 21372 .
J.23\/—( )7 dx Put x=2 sin 6; dx = 2 cos 9 dg

=j§ 8 g geraws o
z 3fa 4 4sin”6)%2 . 2 ¢o5 g dg

"2
128 n/2
128
f cos* ede— 2J' cos* 040 = ﬁ££=£n=8\/§n
3W24-22 5 '

...........
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